We present a percolation model of relative permeability for the case where viscous forces are dominant. In this respect the model differs from conventional percolation models of scale up of phase permeability where capillary forces control. The essential concepts are based on a one-phase analog for a heterogeneous reservoir that contains impermeable parts (e.g. shale). For two phases the percolation model uses only the permeability distribution and the end point permeabilities as input. The resulting relative permeabilities are compared with pseudo curves obtained for layered systems and pseudo curves for capillary dominated systems.
Iritroduction
Fluid displacement in heterogeneous reservoirs can be characterised by capillary, viscous and gravitation al forces. [Vortsos (1991) , Yortsos (1992) , Kanevskaya (1988) , Bedrikovetsky (1993) ]. For water displacing oil from a water wet reservoir the capillary forces prefer the water in the low permeability regioris whereas the viscous
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forces drive the water in the high permeable parts. Due to gravity the water will be in the bottom part of the reservoir [Dietz (1950) ]. In a textbook example [Dake (1978) ] of layer cake reservoirs capillary pressu re equilibriu m (vertical equilibrium) is assumed in the cross-dip direction and thus water prefers the low permeability Iayer. The condition is that the height of the layer H is much smaller than its length L. This gives the fluids sufficient time to redistribute (over the height H) according to capillary and gravitational pressure equilibrium before the water has swept the reservoir over its full length. The extreme opposite approach has been adopted by Hearn (1971) in his celebrated article. He assumes that viscous forces are dominant and that the displacing fluid fills the Iayers in order of decreasirig permeability. Also in a capillary bundle model of a porous medium it appears that the displacing phase, e.g. water, first enters the tubes with the larger radii even in water wet reservoirs. Only under conditions of controlled (slowed) imbibition are capillary forces dominant. Hence the picture that emerges is that viscous forces dominate the flow at the displacement front and capillary and gravitational forces redistribute the fluids further upstream.
As Hearn (1971) and Dake (1978) represent the partially correlated case, (ie. the permeability in the layer direction is fully correlated) our interest focusses on water flooding in a fully u ncorrelated heterogeneous perrneability field. Uncorrelated means that permeabilities in different parts of the reservoir are independent random functions with the same probability distribution function (see Figure 1 ). We apply site percolation theory for the description of transport in a regular cubic lattice with random conductivity of the sites. 
Upscaling for one-phase flow
We consider a 3-0 heterogeneous uncorrelated permeability field. We consider that a fraction.
1 -x is occupied by randomly distributed impermeable parts e.g. shales. The remaining fraction x is occupied by permeable formation e.g. sand. The model assumes isotropic conditions and hence leads to isotropic average permeabilities (see, however, Haldorsen and Lake (1984)). The permeability of the sand s distributed randomly with a probabilistic density function b(k). Typical (log-normal see Jensen and Lake (1988) ) distribution functions are shown in Figure 1 . The curves are typical for a more or less homogeneous reservoir (Dykstra and Parsons' (1950) coefficient VDP = 0.3) and a slightly heterogeneous reservoir (VDP = 0.6). The coefficient VDP = 1 -exp(-s), where s is the standard deviation of the log-normal permeability held. For convenience we have taken the average permeability at one (Darcy). These curves are used in all computations below.
1f the fraction of sand (x) drops below the percolation threshold Pcr sand will only form finite clusters and the effective permeability will be zero. The percolation threshold value p is determined by the fllling of the lattice f and the dimension D of the problem. For a 3-D lattice Pc = and for the filling we assume that each site is occupied by a sphere with a radius of half the bond distance between sites [Efros (1982) , Staufer (1985) ].
Hence the effective permeability of the medium is the number of chains per unit cross-section times the tortuosity factor squared times the harmonic average i.e.
p=-=0.317 (l)
Following the Sholovsky-De Gennes model we infer that the correlation radius is given by
where ii = 0.9 for 3-D problems. R() is some average distance (correlation length) of two sites belonging to the same infinite cluster. The probability density that two sites belong to the same cluster decreases with the distance between the sites and tends to zero. Equation 2 is consistent with the correct asymptotic behaviour near the percolation threshold and the correct behaviour for no shale i.e. x = 1 for which the cluster coincides with the original grid and the distance between neighbouring infinite clusters is one. It also ensures that R decreases monotonically with x. In the same way we infer the expression for the length of the path between two sites belonging to the same infinite cluster.
The ratio R/L can be considered as a tortuosity factor. The tortuosity factor reduces the actual pressure gradient with respect to the pressure gradient measured between two points in the porous medium and causes the fluids to make a detour. Hence its square enters in the permeability calculations. For the two-phase case a first power of the tortuosity may be preferred.
The tortuosity factor R/L tends to zero near the percolation threshold which can be seen from equations 2 and 3. We assume that the infunite clusters behave as parallel chains and disregard the permeability of chains perpendicular to • the external pressure gradient. Therefore the permeability of each chain is determined as a conductivity of conductors in series i.e. the harmonic average permeability. The number of chains per unit crosssection of the porous medium n (x) = R()2.
For a log-normally distributed permeability the above expression reduces to
where and 2 are the average and variance of the log (permeability) fleld. For x far away from the threshold value a geometric average is preferred. In this case the prefactor in equation 4 is exp(p). 1f, for other reasons, an arithmetic average is used the prefactor is exp(j + 2) (see also Desbarats (1990) ).
Viscous dominated case of two-phase displacement
We will now give an extension for two-phase How in the viscous dominated case. The applicability of the theory is restricted to viscous forces dominated flow of (averaged) thin reservoir sections. The capillary dominated case is elaborately studied by Yortsos (1991b Yortsos ( , 1993 ). We will, however, state our resuît for the capillary dominated case in Appendix A because we use more simplifying assumptions. For the ease of understanding we will disregard the presence of shales.
When water enters the porous medium it will do so in the sequence of decreasing permeability. The porosity «k) can be a function of the permeability. Regions with a certain permeability k will be either filled by water at the resid val oil saturation 1 -S°(k) or by oil at the con nate water saturation S(k). In summary we use the followrng assumptions
• Patterns are f1led in order of decreasing .pçrmeability.
• Locally the displacement is piston like ie. the pattern contains water, at residual oil saturation, or oil at connate water saturation. For these saturations the values of the local relative permeabilities equal the end point relative permeabilities or zero.
• The conductivity of the thus formed patterns can be used as the permeability in Darcy's law.
Let water have displaced oH from patterns with a permeability larger than k3 (S). This statement defines k5 and p3 (k3(S)) denotes the probability that we encounter a value ofk3 orhigher (see Figure 2) i.e. Ps = f' ib(k)dk.
Water only enters regions that form infinite dusters. For the density (1V) of infinite clusters (here containing water) we use a formula that is based on approximate resuits of Monte Carlo simulations on large grids and speculations of critical phenomena theory [Staufer (1985) , Efros (1982) , and Neirnark (1986)]. We use that the density of infinite clusters obeys the power law near to the critical point W (pFar away from the critical point Le. for p » the density of funite clusters (p -W) (i.e. patterns with k> k3 containing oH) tends to zero. The density of infunite clusters must be an increasing function of p. Clearly the density of infinite clusters must be zero for p < Pc A function which satisfies all these requirements is
Ps <Pc (5) where we use Pac = l. 65Pc, which is the largest value that stili satisfies the requirement that W p. There is no water (on top of the connate water) in finite clusters because the water invades the porous medium through the infinite clusters.
A fraction (1-W) is occupied by oil. But the movable oil belongs again to infiriite dusters. The density of infinite clusters for oil (O (W(p8 ) )) has to satisfy the analogous conditions as W(p3 ) and we replace p in equation 5 by (1-W) 
i.e. (O(W(p3 ))) = W(1-W).
The distribution functions sbown in figure 2 will be used to calculate the average water saturation and the average phase permeabilities within the inflnite cluster below. 
Average water saturation
areas with permeabilities higher than k5 a fraction is fihled with water and the= jka s(k)(k)1'(k)dk + J 00 s°(k)4(k)-ib(k)dk +j00 s(k)(k) (k)dk (6) Here E[ç5] = f000 ç6(k)t) b(k)dk
Pseudo relative phase permeability
For the calculation of the phase permeabilities we need to normalise the distribution functions for water &(k) and for oil i/0(k) (see also Figure 2 ). As no water is present in patterns for which k < k8 it follows that b,(k < k3 ) = 0. Hence we use the cumulative probability p to formalize the distribution function
Similarly for the normalised distribution function for oil. Cumulatively a fraction (1-W) of all patterns with any permeability is fihled with oil hence we need to normalise by dividing by (1-W). Hence we obtain for t/'0(k)
The permeability for each water fihled site IS kkrw (k). These sites are distributed with the density function given in equation 7. In all other aspects the situation is completely analogous to the shale lenses (Le. equation 4) and we obtain for the permeability of water
roo ____ -
L2 (=p3) ik3 kkrw
wbere we subsitute the fraction p of patterns witb permeability higher than k3 instead of in expression 3 for the average length of the path between sites belonging to the same infinite cluster. We prefer to use = pa) instead of L( = W). Indeed, W reprèsents the fraction of the pattern fihled by water in infinite clusters. That the water has not entered the flnite clusters is a flow-technical aspect not dictated by percolation theory. The water conductivity (permeability) is also not affected whether the flnite clusters are fihled by water or oil. In the same way we obtain for the permeability of oil
focçbo(k)dk k0 (E[S]) = L2 ( = 1-W)f° --1dk kkra
where we have subsituted the fraction of oh fluled patterns (1-W) oil ifiled clusters instead of x in the expression 3 for the same reason as above. The integration in equations 9 and 10 must be performed numerically even for lognormal permeability distributions. Again we can also use a geometric average for ka
where = o,w, and C = p 1f cr = water
oil). The arithmetic average k(E[S]) -ir kkrail)a(k)dk (12) -
The formalism is easily adapted to describe the capillary dominated case (see appendix A).
Comparison with layered models and capillary controlled models
We want to compare to the stratified pseudo relative permeability model of Hearn (1971). 
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Hearn considers a layered reservoir each with its own permeability. The Tayers ae fihled with the diil1ng fluid from the high to the low permeable layers i.e. in order of decreasing permeability. In our notation we can summarise the model equations for the Hearn's model as foliows
is the average porosity. The (non-normalised) distribution function bh(k) and tIJ0h(k) are given by
The phase permeability for water (k) and oil (k 0 ) is determined as a group of parallel conductors i.e. the arithmetic average
The phase permeabilities calculated with equation 15 and with equation 12 are compared in Figure 3 . We have made the comparison for two situations i.e. for a relatively homogeneous reservoir with VDP = 0.3 and a moderately heterôgeneous reservoir with VDP = 0.6. We have given the expressions for the capillary dominated case, Le. when the layers are fihled in the sequence of increasing permeability, in appendix A. A comparison with the layered model and the percolation model in the capillary controlled case is shown in Figure 4 . We also calculate the fractional flow function without the gravity term i.e.
The fractional flow curves are compared for the viscous dominated case and the capillary controlled case all for a moderately heterogeneous (VDP = 0.6) reservoir in Figure 5 .
Discussion
Geometric and harmonic averaging leads to a (non-physical) effective zero single phase permeability. With percolation theory a procedure is given to incorporate non-permeable parts. With our simplifications the procedure is extremely simple. The harmonic (or geometric average) of the permeable part (volume fraction x) needs to be multiplied by a reductioir factor L2 with L = The conductivity exponent of two in equation 4 etc. is in agreement within the range of choices offered in the literature (see 1985) p52& p89) . We note that if a tortuosity factor to the first power is used (which may be preferrable for the two phase case discussed below) the conductivity exponent becomes 1.9 instead of 2 i.e. leads only two a minor difference. A comparison to simulation resuits is required for line tuning and validation. Whether the theory can be extended to describe the vertical to horizontal permeability ratio of reservoirs containing shale lenses is not yet dear (see Haldorson and Lake (1984)). The two-phase (relative permeability) models discussed here have in common that they consider permeability patterns which are either filled up with the displacing fluid or with the displaced fluid. Tbey differ only as to the sequence in which the patterns are filled up. Consequently the end-point permeabilities are the only aspect of the "microscopic" relative permeabilities that is retained. The model bears much similarity to the model of layered reservoirs proposed by Hearn (1971) . Hearn considers the correlated case whereas percolation theory handles the completely Uncorrelated case. In the correlated case the patterns are precisely fihled up in the sequence of decreasing permeability (viscous dominated) or increasing permeability (capillary dominated). In the uncorrelated case certain high (low) permeable parts are isolated as they are surrounded by low (high) permeable parts and are thus not invaded by the displacing fluid. We have used percolation theory to deal with this aspect. however, the oil permeability of the percolation model creeps above the oil permeabilty di: a more favourable fihling of highly permeable patterns by oil. The Iayered model shows typical oil wet behaviour but this is changed to indifferent wetting behaviour for the percolation model (both fluids appear to be wetting). Figure 4 summarises the resuits for the capillary dominated case. Note that for the percolation model this does not boil down to an interchange of the oH with the water permeability and vice versa with Figure 3 (correcting for end point permeabilities and residual saturations) because all invading Huid is only present in non-isolated patterns. Now the oil permeability for the Iayered model has the concave shape. The layer model curves in the capillary dominated case are clearly representative for water wet conditions but this is reduced in the percolation model. Figure 5 shows the fractional How curves for a viscosity ratio = 3 and thus a mobility ratio M = 1.67. From the fractional How curves we can construct the saturation profile in 1-D How. In general the saturation profile consists of a constant state part (a straight horizontal line), a rarefaction part (gradual decrease in water saturation), a shock part and a again constant state part. By inspection of Figure 5 (see Dake (1978) , Welge (1952) ) we observe that the saturation profile for the viscous dominated Hearn model case does not have a shock, whereas the capillary dominated Hearn model bas no rarefaction part. For the viscous dominated percolation model there is both a rarefaction part and a shock. The capillary dominated percolation model has a somewhat smaller rarefaction part and a shock. A shock implies that part of the relperms cannot be reconstructed from the production and pressure history data [Johnson et al. (1959) , Jones and Roszelle (1978) ].
In general the percolation model shows a less favourable recovery for water flooding as oil remains trapped in isolated patches leading to an effective (porelevel + pattern level) residual oil saturation of Sor,eff = 0.45. After establishment of local capillary equilibrium part of this oil trapped in patterns can stili be produced. These a.spects still need to be validated by a comparison to computer simulations and a comparison with the modél ôf Kyte and Berry (1975 
A Equations for the capillary dominated case
Here we give the equations for two-phase flow for the capillary dominated case (see also Yortsos (1991b Yortsos ( , 1993 ). We use the same symbols as for the viscous dominated case but they have a slightly different meaning. We use the same assumptions as above but now Patterns are filled in order of increasing permeability. Let water have displaced oil from patterns with a permeability less than k3 (S). 1 -p3 (k(S)) denotes the probability that we encounter a value of k3 or less i.e. P8 = f' *(k)dk. Water is only displaced from regions that form infinite clusters. In the same way as above we now have As no water is present in patterns for which
E[qf]E[SJ s(k)çt(k)i7b(k)dk s°(k)çb(Jc)7,b(k)dk (A-7)
The (non-normalised) distribution function In the same way we obtain for the phase permeability of oil again the expression 10
k0(E[S]) =
Jo b0(k)dk
The equivalent expressions for the geometric and harmonic average are the same as equations 11 and 12 except that we use L( = 1 -p3 ) for the water permeability.
The model equations for the stratified model are
